For n 2 ?2; 2] the O(n) model on a random lattice has critical points to which a scaling behaviour characteristic of 2D gravity interacting with conformal matter elds with c 2 ?1; 1] can be associated. Previously we have written down an exact solution of this model valid at any point in the coupling constant space and for any n. The solution was parametrized in terms of an auxiliary function. Here we determine the auxiliary function explicitly as a combination of -functions, thereby completing the solution of the model. Using our solution we investigate, for the simplest version of the model, hitherto unexplored regions of the parameter space. For example we determine in a closed form the eigenvalue density without any assumption of being close to or at a critical point. This gives a generalization of the Wigner semi-circle law to n 6 = 0. We also study the model for jnj > 2. Both for n < ?2 and n > 2 we nd that the model is well de ned in a certain region of the coupling constant space. For n < ?2 we nd no new critical points while for n > 2 we nd new critical points at which the string susceptibility exponent str takes the value + 1 2 .
Introduction
For n 2 ?2; 2] the O(n) model on a random lattice 1] has critical points to which a scaling behaviour characteristic of 2D gravity interacting with conformal matter elds with central charge c 2 ?1; 1] can be associated 1, 2] . In particular, with n = 2 cos( ), by choosing rational and ne-tuning the potential of the model one can reach any rational conformal matter eld 4, 5] . Until recently a solution of the model away from its critical points was known only for n = 2 6, 4] and for various rational values of and potentials of low degree 4, 5] . In reference 7] we wrote down an exact solution of the model valid for any potential and any value of n. The solution was parametrized in terms of an auxiliary function. In the present paper we will determine this function explicitly as a combination of -functions, thereby completing our solution of the model. Eventually the determination of the auxiliary function might in addition lead to a better understanding of the underlying continuum physics. In the one matrix model (n = 0) case the auxiliary function is the well known \Wigner square root" which was essential in revealing the Virasoro structure of the model and establishing its connection with the -function of the kdV hierarchy 8]. In the general case information about the integrable structure underlying the O(n) model should likewise be encoded in the auxiliary function.
Here we will in particular be concerned with using our exact solution to investigate so far unexplored regions of the parameter space of the model. Although our solution allows us to investigate any version of the model we will here restrict ourselves to the simplest \gaussian" one. In addition we shall consider only genus zero. The results can easily be extended to higher genera by means of the iterative procedure described in reference 7] . We shall derive exact expressions for a number of quantities, including the eigenvalue distribution, away from the traditionally studied critical points. In particular we will use our solution to study the case jnj > 2. As we shall see the model is well de ned in a certain region of the coupling constant space both for n < ?2 and for n > 2. For n < ?2 we nd no new critical points while for n > 2 we nd new critical points at which the string susceptibility exponent str takes the value + 1 2 , the value characteristic of branched polymers.
We start by, in section 2, presenting the model and those of our results which will be of importance for what follows. We then proceed to, in section 3, determining explicitly the above mentioned auxiliary function. In section 4 we outline the strategy for analysing completely any given version of the model and in section 5 we derive a closed expression for the second derivative of the free energy, an expression which proves very convenient when it comes to the investigation of the critical behaviour of the model. Hereafter we specialize to the simplest version of the model and section 6 contains a detailed analysis of this version for all values of n 2] ? 1; +1 . Finally, section 7 contains our conclusion and a discussion of possible future directions of investigation.
The Model
The O(n)-model coupled to 2D gravity is described by the following partition func- where M and A i , i = 1; : : : ; n are hermitian N N matrices. We shall take the potential to be completely general, i.e. Once W(p) is known any other correlator of the M-eld as well as the free energy associated with surfaces of arbitrary topology can be found by an (in principle) straightforward iterative procedure. In the following we consider the situation where the eigenvalues are restricted to only one interval a; b] with a > 0 and assume that the corresponding distribution function is normalized to 1. 
(p); namely using the important observation that any solution of the saddle point equation (2.10) can be parametrized in terms of any two other independent solutions, a recursive strategy for determining G we shall determine the function G 0 (p) explicitly as a combination of -functions. The basis functions contain no explicit reference to the matrix model coupling constants, fg i g. They depend on these only implicitly via the endpoints of the cut, a and b. The nature of this dependence is di erent for di erent values of n but this di erence can be hidden by working with a parameter, e, which is the only point (apart from 1) at
? (?e) = 0: (2.11)
The explicit dependence of the observables on the matrix model coupling constants could conveniently be described using a set of moment variables generalizing those introduced in reference 10]
where for n = 2 cos( ) theG-functions are the G-functions corresponding to n = 2 cos((1 ? ) ) and where C 1 is a curve which encircles the cut a; b]. ( We use the convention that all contours are oriented counter-clockwise.) As in the 1-matrix model case the moment variables have the advantage that for all observables of the model except the genus zero contribution to the one-loop correlator and the free energy the dependence on the in nite series of coupling constants fg i g arranges into a dependence on only a nite number of moment variables. Furthermore the moment variables re ect more directly than the coupling constants the possible critical behaviour of the model. In our previous paper 7] we wrote down a contour integral representation for the genus zero contribution to the one-loop correlator, the integrand being composed of the functions G (0) (!),G (0) (!) and the derivative of the potential V 0 (!). For the following analysis it is convenient to rewrite our solution in the moment formulation. Doing so will also highlight the statement made above concerning the advantage of the moment variables. First let us remind the reader that the 1- (p) . Once this function is known all other quantities can be found. In our previous paper we derived a rst order di erential equation for G (0) (p) and formally wrote down its solution. In the next section we will show, using a totally di erent strategy, how G (0) (p) can be completely explicited as a combination of -functions. This will make complete our solution of the model and explain several of our previous observations. In particular, deriving the explicit expression for G (0) (p) gives as a byproduct a determination of the parameter e in terms of , a and b. Furthermore the observation that when is rational G (u) in the remaining part of the complex plane. This procedure leaves us with a function which is de ned in the whole complex plane and which obeys the equations (3.2), (3.3) and (3.4) for all u. Now we would like to determine this function. First, let us note that combining (3.2) and (3.3) we get
Furthermore the parity condition (3.3) and the periodicity condition (3.4) can be expressed as
Let us next introduce a translation operatorX bŷ X = e Then it obviously holds that
? (u) (3.14) and it is easy to show that the decomposition (3. . Exploiting this uniqueness result it follows from the parity condition ( (where the second equation originates from the periodicity condition (3.4)) and which is compatible with the requirements 2, 3 and 4 on page 4. In the following subsection we will show how to solve this problem.
The explicit expression for
Let us start by noting that the condition 2 and 3 on page 4 imply that G In particular we see that in accordance with our previous analysis the function G (0)
must have exactly one zero in addition to the one at u = iK 0 (p = 1), namely u = ". 
Rational case
Let us remind the reader that when is rational the scaling behaviour at the critical points of the model is that characteristic of 2D gravity interacting with rational conformal matter elds. More precisely, when = l=q with l and q integer and 0 < l < q the matter elds which appear are of the type (q; (2m + 1)q l). In reference 7] it was shown that when is rational a simpli cation of the function G From (3.16) and (3.17) it follows that the function on the left hand side of (3.26) is an elliptic function with periods 2K and 2iK 0 when l is even and periods 4K and 2iK 0 when l is odd. The same is true for the function on the right hand side. Furthermore the two functions have the same poles, namely only one of order q at u = iK 0 . Now, counting the number of adjustable constants in the polynomials A and B it is easily seen that one can always arrange that the two functions also have the same zeros namely one of order q at p = e. Exact equality between the two functions can hereafter be ensured by choosing the overall normalization of A and B so that the residue at u = iK 0 equals 1.
Explicit solution of a given model
Our explicit expression for the auxiliary function G
(p) gives us the possibility of exploring in detail the coupling constant space of our model. In particular exact results for a large number of quantities can be obtained. Let us brie y describe how one would extract exact results for a given model. Observables generally depend explicitly on the matrix model coupling constants fg i g via the moments and implicitly via the endpoints of the cut a and b which are in turn determined by the boundary conditions (2.23).
For a given matrix model potential the moments (including those entering (2.23))
can be expressed in terms of the fg i g, a and b by simply carrying out the contour integrals appearing in the de nition (2.12). This can either be done using thefunction representation of the G-functions in which case the contour integration can be reduced to to an integration around the pole u = iK 0 or using the p-representation in which case the contour can be deformed into one which encircles in nity. We will choose the latter line of action. To proceed along this line one needs to know the large p-expansion of G In principle the boundary equations can be explicitly solved and the moments determined for any matrix model potential but of course the boundary equations become more and more involved as the degree of the potential increases. Let us point out that our expressions are valid not only for any potential but also, at least formally, for any value of . Hence our formulas can be used to explore the hitherto unexplored regions of the parameter space, n < ?2 and n > 2. While a priori nothing prevents us from choosing these unconventional ranges for n there is of course no guarantee that results obtained for jnj > 2 are physically meaningful. For example it would not be acceptable (at least immediately) if the endpoints of the cut turned out to be complex or if the eigenvalue distribution were not real and positive.
5 The string susceptibility
In this section we will derive a closed expression for the string susceptibility which we will make use of later when investigating the critical behaviour of the model. The This quantity is amazingly universal. First, it contains no explicit reference to the matrix model coupling constants fg i g. Secondly, the given expression is valid for all values of n. This universality is another manifestation of the universality of the twoloop correlator of the model observed earlier 7]. For n = 0 the universality with respect to the coupling constants was discovered in reference 11]. In that case the above equation can be integrated exactly which gives U(T) = 2 log(b ? a); n = 0:
We note that for n = 2 special care must be taken. The parameter e diverges and the prefactor 1 ? n 2 goes to zero. The case n = 2 is not by any means a singular case, however. Only our parametrization is not well suited for this value of n. Actually as shown in references 6, 4, 7] for n = 2 a simpler parametrization can be chosen.
The limit n ! 2 of all expressions in the present parametrization are well de ned and reproduce the results obtained in the simpler parametrization. 6 The gaussian potential
We will now solve in detail the O(n) model in the case of a gaussian potential V (M). Due to the interaction term in the action this is by no means a trivial case. On the contrary one expects that the major features of the general model are re ected already in this simplest version. We choose our potential to be of the form
and we remind the reader that in addition to the potential V (p) the eigenvalues of the matrix M feel an attractive (n > 0) or repulsive (n < 0) force from their mirror images with respect to zero and that when one of the eigenvalues touches the origin the partition function (2.1) ceases to exist (cf. to reference 1]). With a potential like (6.1) one has a well around the point p = p 0 and one expects that by choosing T su ciently small one can obtain a stable situation where the eigenvalues are con ned to the well and located at a nite distance from the origin. Stated di erently one expects that a stable 1-cut solution of the matrix model exists in some region of the coupling constant space. In the following we shall explore in detail the coupling constant space of the model and determine when such a stable solution exists. In particular we shall look for singular points, i.e. points where the solution ceases to exist or changes its nature. In order for a solution to make sense the endpoints of the cut a and b which are determined by the boundary equations (2.23) should come out real and positive. Let us take a look at these boundary equations. Deforming the contours in (2.23) to in nity and inserting the large p expansion for G where we on our way have made use of the relations (4.7) and (4.12). For given values of the parameters of the potential these equations determine a and b. However, due to the complexity of the equations (cf. to (3.21) and (4.10)) trying to solve directly for a(p 0 ; T) and b(p 0 ; T) is not a practicable way of proceeding. We shall hence take another line of action. Inserting the expressions (4.7) and (3.21) for 1 Let us x the parameter p 0 . This corresponds to xing the position of the potential well and does not in uence qualitatively the features of the model. Then we have that for a given value of the parameter k = a b the quantities b, T and a are uniquely determined. Our strategy for studying the above equations will hence be the following. We let k vary between 1 and 0 and determine for each of its values the corresponding values of a, b and T. In doing so we nd a(T) and b(T) and miss no real solutions. It is easy to show that the relations (6.4) and (6.5) give real values for a, b and T for any k 2 0; 1] and any n 2] ? 1; 1 . These quantities are in addition positive except for certain ranges of k values when n 2] ? 1; ?2 . We shall explain the situation in more detail later when we consider separately various ranges of n. Let It is worthwhile noting that the expression (6.11) is valid for any value of . In particular (6.11) together with the two boundary equations (6.2) and (6.3) give a generalization of the Wigner semi-circle law which is reproduced when n is set equal to zero ( = 1=2).
As mentioned earlier we can of course not be sure that the solution makes sense for any range of the parameters and T. We shall address this aspect in detail later. Now, since a (cf. to equation (6.18)) we get using (6.12) (T c ? T) a 2?2 : (6.20) Note that this scaling law is very clearly exposed in gure 1. The relation (6.20) together with (6.19) allow us to extract the value of str associated with the critical point a = 0. We nd str = ? 1 ? (6.21) which indeed coincides with the result of references 1, 2, 3, 4, 5]. In addition, using the expression (6.11) one can also easily recover the expression for the eigenvalue density at the critical point found in reference 3].
6.2 n = 2
For n = 2 the equations (6.14) and (6.15) contain divergent factors and special care must be taken. As mentioned earlier for these values of n the present parametrization is not the optimal one and a simpler one can be chosen. However, the limits n ! 2 of (6.14) and (6.15) are well de ned and lead to the same equations as are obtained in the simpler parametrization 6, 1]
6.2.1 n = ?2 For n = ?2 we nd from (6.14) and (6.15) taking the appropriate limit This is in accordance with the observation that the solution of the n = ?2 case can be read o from the solution of the n = 0 case (cf. to references 4, 7] ). From (6.23) and (6.12) it follows that singular behaviour can only occur if~ a becomes equal to zero or one. For~ a we nd using (4.11)
This quantity is always less than one but becomes equal to zero as k ! 0. However, as is seen from (6.22) the point k = 0 corresponds to b = T = 1 and is not interesting from the point of view of continuum behaviour. We note that b c = T c = 1 is also what one would expect from the formulas (6.17). We also note that it is due to our choice of a gaussian potential that the model has no critical point. It is well known that for potentials of degree larger than two there exist critical points which are characterized by having logarithmic scaling violations 3, 4].
n = 2
For n = 2 the expressions (6.14) and ( dT stays nite. The value of T is the same at all right turning points but the value of T at the left turning points increases as k decreases. We note that there is no divergence of db 2 dT when a tends to zero. On the contrary these are the points where db 2 dT = 0. They are given by K 0 = (2m + 1)K: (6. 38)
The vanishing of db 2 dT at these points is due to the fact that e becomes equal to b. There is no singular behaviour associated with these points. In gure 3 we have enlarged the region of gure 2 where the oscillations of a(T) and b(T) occur and we see that the features of the curves are in accordance with our analysis. This picture of course implies that at a certain temperature, T 0 , namely the temperature at the rst of the left turning points, the boundary equations start to have more than one solution and as T approaches T max the number of possible solutions goes to in nity. One may wonder if there is a criterion that would allow one to pick out one of these solutions. We will argue that there is; we conjecture that only the solutions corresponding to the upper branch of the curves for a(T) and b(T) give rise to a positive eigenvalue distribution. In other words the model is only well de ned if k c k 1 where k c is given by (6.36). To support this statement, let us determine the eigenvalue distribution at various selected values of k. First, let us consider the k values given by (6.38). As mentioned above at these values of k one has db 2 dT = 0. Obviously the rst such k gives a set of points (a(T ); b(T)) which lie on the upper branches of the curves for a(T) and b(T). In general one will encounter one of the points corresponding to (6.38) each time one moves from a left turning point to a right turning point in the direction of decreasing k (cf. to gure 3). Inserting the equality (6.38) in the expression (6.11) for the eigenvalue distribution we get with v being related to as in (6.40) . In this case we see that the eigenvalue distribution is positive only if m = 1 i.e. only at the rst of the right turning points. Furthermore (6.39) and (6.41) show that as k decreases the eigenvalue distribution oscillates more and more rapidly from positive to negative values, the number of oscillations going to in nity as k ! 0. In particular it is obvious that the model makes no sense at the point k = 0 which would be the naive analytical continuation of the critical point for n 2] ? 2; 2 to n > 2.
However, now that we have rendered probable that the model is actually well de ned for k c k 1 we shall determine the critical index str associated with the obviously singular point k = k c . For that purpose we let k ! (k c ) + and denote the value of T corresponding to k c as T c . (We note that T c = T max (cf. to equation (6.34) We note that the constant, c, entering this relation is positive as it should be. The quantity~ is negative as can be seen from the relation (6.4). The parameterẽ is likewise negative which follows from the parametrization (3.21) and the fact that we study the limit k ! (k c ) + with k c given by (6.36 Precisely at the solution to (6.52) b jumps from +1 to ?1. Hereafter it increases as k decreases and tends to zero when k approaches a solution to (6.51). In the same k-interval T decreases from 1 to 0. Then b and T increase again and both go to +1 when k approaches the next solution to (6.52). These cycles are the analogues of the oscillations of b(T) and a(T) seen for n > 2. In particular we are lead to the conclusion that as in the case n > 2, the model makes no sense in the point k = 0 which would be the naive analytical continuation of the critical point for n 2 ?2; 2] to n < ?2.
However, unlike what was the situation for n > 2, in the present case there are no interesting new singular points. The points 1 ? a = 0 are, as mentioned above, not singular and at the points a = 0 both a, b and T diverge. The nal possibilityẽ ! 1, ( a ! ?1) corresponds to the points given by (6.51) and here both a, b and T vanish.
Even though we have now made clear that our model has no interesting new critical points for n < ?2, let us spend a few lines discussing where in the coupling constant space the model has a meaning for this range of n's. From the analysis above it follows that for each value of T there exists an in nite number of solutions for a and b (even when we reject the obviously unphysical solutions with a and b negative). As in the case n > 2 we will argue that only the solutions corresponding to the rst branch of the curves a(T) and b(T) make sense, i.e. the model is only well de ned for k min k 1 where k min is the solution of the rst of the equations (6.52). In accordance with our statement the eigenvalue distribution is positive only at the rst of the here considered k values.
Conclusion
Having determined explicitly the auxiliary function we have completed our solution of the O(n) model on a random lattice. Our solution allows an exhaustive analysis of the model for any value of n and any potential. We have carried out this analysis for the simplest \gaussian" version of the model which corresponds to a collection of self-avoiding non-intersecting loops densely packed on a randomly triangulated surface. Our analysis showed that the model is well de ned in a certain region of the coupling constant space both for n < ?2 and n > 2. For n < ?2 we found no new critical points while for n > 2 we found new critical points at which the string susceptibility exponent, str takes the value + 1 2 . We expect to encounter the same situation if we include higher order terms in the potential, i.e. we expect that the model will still be well de ned in a certain region of the coupling constant space and that there will be new, possibly multi-critical points for n > 2. It is tempting to speculate about a connection between n > 2 and 2D quantum gravity coupled to matter elds with c > 1. Unfortunately there does not exist any mapping of the O(n) model for n > 2 onto a model which is known to have c > 1 on a regular lattice. Let us note anyway that recent numerical simulations show that str changes rather rapidly from 0 to + A less speculative unclari ed point concerns the relation of the O(n) model on a random lattice with the theory of integrable hierarchies. As mentioned earlier, in the one matrix model (n = 0) case the function that we have denoted as our auxiliary function played an essential role in revealing the Virasoro structure of the model and establishing its connection with the kdV hierarchy 8]. In the general case the integrable structure underlying the O(n) model should likewise be encoded in the auxiliary function. The structure is well known when is rational where the kdV n hierarchies appear but the precise translation from matrix model variables to continuum time variables is lacking. One might also ask whether there are integrable hierarchies associated with the continuum theories corresponding to non-rational values of , not to mention imaginary values of .
